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Abstract
A calculation of the one loop gravitational self-energy graph in
non-anticommutative quantum gravity reveals that graviton loops are
damped by internal momentum dependent factors in the modified
propagator and the vertex functions. The non-anticommutative quan-
tum gravity perturbation theory is finite for matter-free gravity and
for matter interactions.
1 Introduction
Recently, the consequences for perturbative quantum gravity were investi-
gated, when the gravitational action is given on a noncommutative space-
time geometry, by expanding the metric about a flat Minkowski spacetime
and by taking the usual Einstein-Hilbert action, whose elds are functions on
ordinary noncommutative spacetime, except that the products of eld quan-
tities are formed by using the Moyal ?-product rule [1]. The rst order, one
loop graviton self-energy was calculated, using a noncommutative action and
functional generator Z[j ]. It was shown that the planar one loop graviton
graph and vacuum polarization are essentially the same as for the commu-
tative perturbative result, while the non-planar graviton loop graphs were
damped due to the oscillatory behavior of the noncommutative phase factor
in the Feynman integrand. Thus, the overall noncommutative perturbative
theory remained unrenormalizable and divergent.
In the following, we shall repeat the analysis of perturbative quantum
gravity by using a non-anticommutative geometry, dened by super vectors
in a superspace [2] in which the familar commutative coordinates of spacetime
are replaced by operators x^, which satisfy
fx^; x^g = 2xx −  ; (1)
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where  is a symmetric two-tensor.
In the non-anticommutative eld theory formalism, the product of two
















In Section 2, we shall expand the metric tensor of general relativity about
flat Minkowskian spacetime and replace all commutative products of gravita-
tional elds and their derivatives in the Einstein-Hilbert action by}-products
in ordinary commutative spacetime. In Section 3, a calculation of the rst
order, self-energy graviton loop diagrams reveals that they are nite due to
the damping of the ultraviolet divergences by the modied graviton propa-
gator. This nite behavior of the loop amplitudes holds for all higher order
diagrams. A discussion of the nonlocal nature of the non-anticommutative
quantum gravity formalism and the unitarity of graviton amplitudes is given
in Section 4, and concluding remarks are made in Section 5.
2 The Non-Anticommutative Gravity Action
We dene the non-anticommutative gravitational action as




p−g}R + 2p−g); (3)
where we use the notation: ;  = 0; 1; 2; 3, g = det(g), the metric signature
of Minkowski spacetime is  = diag(1;−1;−1;−1), R = g}R denotes
the scalar curvature,  is the cosmological constant and 2 = 32G with
c = 1. The Riemann tensor is dened such that
R = @Γ
 − @Γ + Γ}Γ − Γ}Γ: (4)









g}g}g − 2g)}@g}@g ]; (5)
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where g =
p−gg and in the following we shall omit the cosmological
constant . We expand the local interpolating graviton eld g as
g =  + γ + O(2): (6)
Then, for the non-anticommutative spacetime
g =  − γ + 2γ}γ − 3γ}γβ}γ + O(4): (7)
Let us consider the non-anticommutative generating functional [3, 4, 5]
Z[j ] =
∫















}@g)=2 is the gauge xing term. Moreover,  can be
interpreted in terms of ctitious particles and is given by
[g ]−1 =
∫
d[]d[ ] exp i
{∫
d4x}[@@ − (@@γ − γ
@@ − @γ@ + @γ@)]}
}
; (9)
where  and  are the ctitious ghost particle elds.






2S(2)grav + :::: (10)




























+γ}γ}@γ}@γ − 2γ}γ}@γ}@γ]; (13)
where γ = γ.
The free part of the action is not the same as the commutative case.
However, we can choose to quantize the eld quantities γ with the same
vacuum state as in the commutative case [2]. In particular, the measure in
the functional integral formalism is the same as the commutative theory, for
in momentum space the additional factors due to the use of the }-product
disappear when we impose the normalization condition for the partition func-
tion.
The modied graviton propagator in the xed gauge  = −1 is given
by [2]








where (pp) = p
p . In momentum space this becomes














In momentum space, a graviton interaction diagram has an additional
factor which takes the form [2]:










qi  qj  qiqj : (18)
In flat spacetime, the only changes of the Feynman rules consist of inserting
a modied graviton propagator Dgrav in every internal line and inserting a
factor V (q1; :::; qn) in every diagram.
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Let us consider the eects of an innitesimal gauge transformation
x
′ = x +  (19)
on the non-anticommutative generating functional Z[j ], where 
 can de-
pend on x and γ . We get
g(x) = −(x)}@g(x) + @(x)}g(x)
+@
(x)}g(x)− @(x)}g(x): (20)
We now nd that
γ(x) = −}@γ + @}γ + @}γ
−@}γ + 1

(@ + @ − @): (21)
The functional generator Z is invariant under changes in the integration
variable and the transformation (21).
The non-anticommutative gauge transformations (21) should be consid-
ered part of an NACSO(3; 1) group of gauge transformations. It is clear
that in the limit j j ! 0 the standard local Lorentz group of gauge trans-
formations SO(3; 1) is recovered.
3 Gravitational Self-Energy
The lowest order contributions to the graviton self-energy will include the
standard graviton loops, the ghost eld loop contributions and the measure
loop contributions. In perturbative gravity theory, the rst order vacuum
polarization tensor  must satisfy the Slavnov-Ward identities [5]:
pp D
(p)γ(p) D
γ(p) = 0: (22)






d4qUγ(p;−q; q − p) Dgrav (q)
 Dgrav γ(p− q)U(q; p− q;−p)V (q; p− q; p); (23)
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where U is the three-graviton vertex function














and the ellipsis denote similar contributions. We must add to this result the
contributions from the one loop ctitious ghost particle graph and tadpole
graph.

















We can now perform an analytic continuation in the invariant momentum









The asymptotic behavior in Euclidean momentum space of the modied
graviton propagator will damp out the ultraviolet behavior of the integrands
in the graviton one loop self-energy diagrams. Thus, these diagrams lead to
a nite lowest order vacuum polarization in non-anticommutative quantum
gravity. Higher order graviton self-energy loops will contain products of the
modied propagator, corresponding to the number of internal lines in a loop
diagram, which will also damp out the ultraviolet behavior of the internal
momentum integrations. It follows that the higher order pure gravity loops
and loops occurring in gravity-matter interactions will be nite.
In order to retain physical behavior of graviton scattering amplitudes
and crossing symmetry relations, and avoid essential singularities at innite
momentum, we are required to choose an orthonormal frame with  00 =
 0n = 0 and mn = −mn=2grav (m; n = 1; 2; 3) [6]. It follows that for









4 Nonlocality and Unitarity
The innite derivatives that occur in the }-product of elds render the non-
anticommutative eld theories nonlocal. This is also true for noncommutative
quantum eld theory [7, 8, 9] and noncommutative quantum gravity [2, 10].
However, with the choice  00 = n0 = 0; mn 6= 0, we can suppress some
of the potentially unphysical acausal behavior of the non-anticommutative
amplitudes and retain some of the standard features of quantum eld theory
such as the canonical Hamiltonian formalism. But if we consider a non-
perturbative treatment of quantum gravity in a non-anticommutative geom-
etry, then standard perturbative eld theory methods do not apply and it is
possible that one must view the nonlocal dynamics in a new way. Only future
developments in non-perturbative quantum gravity, and, in particular, the
way such developments will aect calculations using non-anticommutative
geometry, can provide us with deeper insights into these problems.
An analysis of the unitarity of amplitudes in scalar non-anticommutative
eld theory [6], showed that it can be satised, because the amplitudes in non-
anticommutative eld theory are only modied by entire functions, which do
not introduce any new unphysical singularities in a nite region of the com-
plex momentum plane. Moreover, with the choice  00 = n0 = 0; mn 6= 0,
the scattering amplitudes are regular at innite energies and crossing sym-
metry relations retain their physical behavior. These results can be extended
to non-anticommutative quantum gravity. This choice of the symmetric ten-
sor  breaks local Lorentz invariance. However, it is possible to break the
Lorentz symmetry ‘softly’ by a spontaneous symmetry breaking mechanism,
which involves adding a Higgs breaking mechanism contribution to the ac-
tion that uses a Higgs vector to break local SO(3; 1) to O(3) at the small
distance grav (grav  1=grav) when quantum gravity is expected to become
important [11].
5 Conclusions
We have developed a perturbative, non-anticommutative quantum gravity
formalism by using the }-product in the gravity action, wherever prod-
ucts of gravitational elds and their derivatives occur. By expanding about
Minkowski flat spacetime, we were able to calculate the loop graphs to
rst order. We nd that by using the Feynman rules appropriate for non-
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anticommutative quantum eld theory, the loop graphs are nite to rst
order and to all orders due to the Gaussian damping of the modied gravi-
ton propagator. Since the loop graphs are nite, we do not nd any peculiar
ultraviolet/infrared behavior as is encountered in noncommutative eld the-
ory [7].
From these results, we expect that non-anticommutative Yang-Mills gauge




d4xF a}Fa ; (29)
where
F a = @A
a
 − @Aa − abcAb}Ac ; (30)
will also yield nite loop diagrams with an energy scale parameter YM.
Acknowledgments
This work was supported by the Natural Sciences and Engineering Re-
search Council of Canada.
References
[1] J. W. Moat, to be published in Phys. Lett. B. hep-th/0008089.
[2] J. W. Moat, hep-th/0011035.
[3] E. S. Fradkin and I. V. Tyutin, Phys. Rev. D2, 2841 (1970).
[4] D. M. Capper, G. Leibbrandt, and M. R. Medrano, Phys. Rev. D8,
4320 (1973).
[5] D. M. Capper and M. R. Medrano, Phys. Rev. D9, 1641 (1974).
[6] J. W. Moat, hep-th/0011229.
[7] S. Minwalla, M. Van Raamsdonk and N. Seiberg, hep-th/9912072
v2; M. Raamsdonk and N. Seiberg, JHEP 0003 (2000) 035, hep-
th/0002186.
8
[8] N. Seiberg, L. Susskind, and N. Toumbas, JHEP 0006 (2000) 044, hep-
th/0005015 v3.
[9] N. Seiberg, L. Susskind, and N. Toumbas, JHEP 0006 (2000) 021, hep-
th/0005040.
[10] J. W. Moat, Phys. Lett. B 491, 345 (2000). hep-th/0007181.
[11] J. W. Moat, Int. J. Mod. Phys. D2, 351 (1992); J. W. Moat, Found.
of Phys. 23, 411 (1993); J. W. Moat, to be published in a volume
dedicated to Hagen Kleinert on the occasion of his 60th birthday by
World Scientic, Singapore. astro-ph/9811390.
9
